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We develop a multi-mechanism model for strainrate- and temperature-dependent asymmetric plastic
material behavior accompanied by phase transformations, which are important phenomena in steel pro-
duction processes. To this end the well-known Johnson–Cook model is extended by the concept of
weighting functions, and it is combined with a model of transformation-induced plasticity (TRIP) based
on Leblond’s approach. The bulk model is formulated within a thermodynamic framework at large
strains, and it will be specialized and applied to cutting processes in steel production. In this prototype
situation we have: Transformation of the martensitic initial state into austenite, then retransformation of
martensite. For incorporation of visco-plastic asymmetry two variations of the classical Johnson–Cook
model are presented: In ‘‘Model A’’ we introduce a rate dependent ﬂow factor with a rate independent
yield function. In ‘‘Model B’’ we introduce a rate independent ﬂow factor with a rate dependent yield
function. In the examples parameters are identiﬁed for the material DIN 100Cr6, and we illustrate the
characteristic effects of our multimechanism model, such as strain softening due to temperature, rate
dependence and temperature dependence as well as the SD-effect. A ﬁnite-element simulation illustrates
the different mechanisms for a cutting process.
 2013 Elsevier Ltd. All rights reserved.1. Introduction softening is incorporated by a phenomenological modiﬁcation forIn cutting and several other metal working processes the work
piece is machined under high speed causing highly inhomoge-
neous strain rates and temperature, which eventually render resid-
ual stresses. Particularly, high speed cutting can change material
structural in workpiece surfaces in which white and dark layers
are induced due to the intense, localized, rapid thermal–mechani-
cal loading. It has been shown that the white layer and the dark
layer consist untempered and overtempered martensite, respec-
tively, due to austenitic transformation and martensitic retransfor-
mation Umbrello et al., 2009; Attanasio et al., 2011. To develop
three-dimensional constitutive models that account for the ﬁnite
inelastic deformation of cutting processes, considerable effort
was made over the last years. A simple model by Dudzinski and
Molinari (1997) considers the shearing produced during the chip
formation in orthogonal cutting. Sievert et al. (2003) consider duc-
tile damage at high strain-rates and the inﬂuence of the stress-tri-
axiality on ductile damage. Marusich and Ortiz (1995) introduce a
Lagrangian ﬁnite element model with remeshing.
A particular role of cutting simulations is played by the well-
known Johnson–Cook model Johnson and Cook, 1983, where strainthe yield stress, see e.g. Behrens et al. (2005), Ozel and Zeren
(2004), Hortig (2010), Umbrello et al. (2007) among others. Ra-
mesh et al. (2007) predicted the thickness of white layer taking
into account the effects of stress and strain on phase transforma-
tion temperatures, where martensitic phase transformation
accompanied by the TRIP effect was considered. In addition, more
physically-based models are available, such as the Zerilli–Arm-
strong model Zerilli et al., 1987, which is based on simpliﬁed dis-
location mechanics. From the above overview we conclude, that
the effects of inelastic asymmetry and austenitic phase transfor-
mation have not been considered in ﬁnite-element cutting simula-
tions. The present article intends to close this gap on the basis of
the Johnson–Cook model.
Inelastic asymmetry: Extended experimental tests for high
strength steels exhibit different behaviours for different loading
types such as tension, compression and shear. For instance, test re-
sults for a superalloy Ren´e 95 in Stouffer et al. (1996) show, that for
merely the same magnitudes of stress in tension and compression
the magnitudes of creep rates in tension are much greater than the
corresponding rates in compression. A further example is given e.g.
in Spitzig et al. (1975) for a martensitic steel, where the yield stress
in compression is greater than that in tension. Iwamoto et al.
(1998) and Miller and McDowell (1996) obtain the same effect
for an austenitc stainess steel. This observation is labelled
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fect, respectively. It is characterized by the observation, that a cer-
tain type of experiment, such as a tension test, is not sufﬁcient in
order to characterize the material for different loading scenarios.
Instead, additional independent types of experiments, such as com-
pression, shear and hydrostatic tests, are necessary in order to get a
more comprehensive (though in general still not complete) charac-
terization of the material.
Several publications can be found in the literature for simula-
tion of inelastic material behaviour with asymmetric effects. Most
of these approaches are based on a stress potential dependent on
the stress tensor and further state variables, which describe e.g.
the state of hardening, softening or damage, respectively. Typically,
polynomial invariants of the stress tensor are incorporated into the
potential. Along this line constitutive equations within the ﬁeld of
plasticity have been formulated e.g. in Spitzig et al., 1975; Alten-
bach et al., 1995; Mahnken, 2001; Zolochevskii, 1989, amongst
others. Approaches for asymmetric effects in creep are suggested
in Altenbach et al., 1995; Betten et al., 1998, 1999; Voyiadjis
et al., 1998; Voyiadjis et al., 2000; Zolochevsky, 1991, amongst
others.
Some publications used the so-called stress mode angle, or Lode
angle, respectively, in order to detect asymmetric effects. This sca-
lar quantity is expressed in terms of the ratio of the second and
third basic invariant of the deviatoric stress tensor and is used as
an indicator for detection of differences in the loading mode, see
e.g. Zolochevskii, 1990; Ehlers, 1995. In Mahnken, 2003 it is used
to introduce the concept of stress mode dependent weighting func-
tions with the goal to model creep with asymmetric effects. Here
an additive decomposition of the inelastic strain rate is assumed,
where each of the related quantities incorporates weighting func-
tions dependent on the stress mode angle.
In this work, our objective is to extend the well known
Johnson–Cook model Johnson and Cook, 1983 with the concept
of weigthing functions introduced in Mahnken, 2003, in order to
account for asymmetric effects, e.g. between tension and
compression within a large strain framework. To this end, two
variations of the classical Johnson–Cook model are presented: In
‘‘Model A’’ we introduce a rate independent ﬂow factor with a rate
dependent yield function. The basic idea is the weighting of stress
mode dependent material parameters related to viscoplasticity
with the above mentioned functions. In ‘‘Model B’’ we introduce
a rate dependent ﬂow factor with a rate independent yield
function. Here, the basic idea is the weighting of stress mode
dependent ﬂow functions related to viscoplasticity with the above
mentioned functions. In this way, ‘‘Model B’’ is regarded as an
extension of the approoach in Iwamoto et al. (2008), where
asymmetric effects in rate dependent behaviour have not been
considered.
The advantage of both approaches in ‘‘Model A’’ and ‘‘Model B’’
is, that certain (though not all) material parameters, can be ob-
tained individually from speciﬁc loading modes such as tension,
compression and shear, investigated experimentally in the
laboratory.
Phase transformation: High temperatures also result into phase
transformations, which according to the authors knowledge have
not been considered for cutting processes. In order to make our ap-
proach as general as possible, in this paper we will present a gen-
eral thermodynamic framework for multi-phase transformation
with arbitrary initial phases. Then, in the prototypical situation
of our study, the following two phase transformations are taken
into account:
1. Transformation of the martensitic initial state into austenite,
then
2. retransformation to martensite.In view of the large heating rate and the relatively high austenitiz-
ing temperature, the transformation of the austenite into martens-
ite is described by an approach due to Leblond et al. (1984) and the
transformation of martensite is taken into account by the classical
relation Koistinen et al. (1959).
The irreversible phase transformations (martensite to austenite
and the revers) are characterized by crystallographic rearrange-
ments on the atomistic level, cf. Tjahjanto et al. (2008). On the
macroscopical level this effect corresponds to irreversible strains
(TRIP strains) of the parent phase, even if the material is loaded by
a stress state less than the yield stress of the softer phase. In our ap-
proach, we assume that only the softer phase, i.e. austenite, is af-
fected. Several macroscopic constitutive models have been
proposed to simulate the complex interactive mechanisms of phase
transformation and plasticity, see e.g. Leblond et al. (1984), Tanaka
et al. (1985), Fischer et al. (1996); Fischer et al. (1998); Fischer
et al. (2000), Hallberg et al. (2007), Wolff et al. (2007), Mahnken
et al. (2009), Iwamoto (2004) and to the references therein. Consid-
ering micromechanical or multi-scale modeling we refer to Cherka-
oui (2002), Turteltaub and Suiker (2005), Tjahjanto et al. (2008).
In a further part of this paper we discuss, how the simultaneous
occurence of inelastic strains subjected to compression, tension
and torsion modes and inelastic strains due to phase transforma-
tion can also be interpreted as a multi-mechanism behavior in
the terminology of Cailletaud et al. (1995); Saï et al., 2011. To this
end we brieﬂy compare the mathematical structure of our model
with the setting in Saï et al., 2011.
This paper is organized as follows:
 Section 2 presents a thermodynamic framework for combined
visco-plasticity and multi-phase transformations at large
strains. Starting from the multiplicative decomposition of the
deformation gradient into inelastic, elastic, thermal and multi-
phase-transformation parts and assuming a dependence of indi-
vidual phase densities on pressure, temperature and phase
fraction an additive decomposition for the Jacobian of the defor-
mation gradient is derived. This includes concrete expressions
for the elastic, thermal and multiphase-transformation parts
subject to the constraint of inelastic incompressibility.
 In Section 3, a prototype model is derived by applying the ther-
modynamic framework to a speciﬁc Helmholtz free energy
function. For incorporation of visco-plastic asymmetry two vari-
ations of the classical Johnson–Cook model are presented: In
‘‘Model A’’ we introduce a rate independent ﬂow factor with a
rate dependent yield function. In ‘‘Model B’’ we introduce a rate
dependent ﬂow factor with a rate independent yield function.
Furthermore, evolution equations for the phase fractions of
martensite and austenite will be formulated. Moreover, we dis-
cuss the mathematical structure of Model A and Model B as a
multi-mechanism model in the sense of Cailletaud et al.
(1995) and Saï et al. (2011). Finally, thermodynmic consistency
of the proposed model is shown taking multi-phase transforma-
tions into account.
 In the examples in Section 4, parameters are identiﬁed for the
material DIN 100Cr6, and we illustrate the characteristic effects
of our multimechanism model, such as strain softening due to
temperature, phase transformation, rate dependence and tem-
perature dependence as well as the visco-plastic asymmetry
(SD-effect). A ﬁnite-element simulation illustrates the different
mechanisms for a cutting process.Notations
Square brackets ½ are used throughout the paper to denote
’function of’ in order to distinguish from mathematical groupings
with parenthesis ðÞ.
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2.1. Kinematics
The constitutive equations used in this work are formulated in
the framework of a large-strain theory. To this end the deformation
gradient F is introduced at each material point, mapping line seg-
ments dX of the reference conﬁguration B0 to line segments dx of
the current conﬁguration B, and we introduce its Jacobian J ¼ det F,
mapping a volume element dV of the reference conﬁguration B0 to
a volume element dv of the actual conﬁguration B:
1: dx ¼ F  dX; 2: dv ¼ JdV : ð1Þ
The second order deformation gradient can be split multiplicatively
as
1: F ¼ Fvol  Fiso ¼ Fiso  Fvol; where 2: Fvol ¼ J1=31: ð2Þ
Note, that the tensors Fvol and Fiso are interchangeable in Eq. (2.1),
which is due to the property A  1 ¼ 1  A;8A for the second order
unit tensor 1 occuring in Eq. (2.2). By construction, Fiso and Fvol rep-
resent isochoric and volumetric deformations, respectively. For the
scenario of phase-transformation coupled to thermo-elasto-visco-
plasticity both quantities are split further based on the following
assumptions:
1. the elastic deformation is both volumetric and isochoric, repre-
sented by Je and F
iso
e ,
2. the thermal deformation is purely volumetric, represented by Jh,
3. the transformational deformation is purely volumetric, repre-
sented by Jz,
4. the plastic deformation is purely isochoric, represented by Fi,
5. there exists a stress free isochoric intermediate conﬁguration.
From the above 5 assumptions we conclude the following decom-
positions of the isochoric and volumetric part of the deformation
gradient:
1: Fiso ¼ Fisoe  Fi
2: J ¼ Je  Jh  Jz ) Fvol ¼ ðJe  Jh  JzÞ1=31:
ð3Þ
Remark 2.1
1. Note, that due to Assumption 2 we do not have to distinguish
between total and isochoric contributions for the inelastic part
Fi.
2. The tensors Fisoe and Fi in Eq. (3.1) are not interchangeable,
which is due to the above Assumption 5.
3. Clearly, the scalar terms in Je; Jh and Ji in Eq. (3.1) are
interchangeable.
4. Following Levitas et al. (1998) the inelastic part Fi is closely
related to both, visco-plasticity and phase transformation, see
also Hallberg et al. (2007).
Inserting Eqs. (3.1) and (3.2) into Eq. (2.1) renders
F ¼ J1=3Fisoe  Fi ¼ ðJe  Jh  JzÞ1=3Fisoe  Fi: ð4Þ
From the ﬁrst part of this relation we derive
1: Fe ¼ J1=3e Fisoe ; 2: F1e ¼ J1=3e ðFisoe Þ
1
;
3: _Fe ¼ 1
3J2=3e
Fisoe _Je þ J1=3e _Fisoe ; ð5Þwhere the dot above the argument represents the derivative with
respect to time t. The time derivatives of the volumetric and
isochoric contributions in Eq. (3) are
1: _Fiso ¼ _Fisoe  Fi þ Fisoe  _Fi: 2: _Fvol ¼
1
3J2=3
_J1 ð6Þ
and consequently from Eq. (4) one obtains
_F ¼ 1
3J2=3
_JFisoe þ J1=3 _Fisoe
 !
Fi þ J1=3Fisoe  _Fi: ð7Þ
With this result and the inverse from Eq. (4)
F1 ¼ J1=3ðFiÞ1  ðFisoe Þ
1 ð8Þ
the velocity gradient with respect to the actual conﬁguration is
l ¼ _F  F1 ¼ 1
3
d
dt
ðln JÞ1þ _Fisoe  Fisoe
1 þ Fisoe  _Fi  Fi  ðFisoe Þ
1
; ð9Þ
where the relation _J=J ¼ dðln JÞ=dt has been used. An elastic pull
back renders a velocity gradient with respect to the intermediate
conﬁguration
L :¼ F1e  l  Fe ¼ ðFisoe Þ
1  l  Fisoe
¼ 1
3
d
dt
ðln JÞ1þ Fisoe
1  _Fisoe þ _Fi  Fi: ð10Þ
By use of
ln J ¼ ln Je þ ln Jh þ ln Jz ð11Þ
and Eq. (5.1) we obtain the following additive decomposition
1: L :¼ Le þ Li þ Lh þ Lz; where
2: Le :¼ F1e  _Fe; 3: Li :¼ _Fi  F1i ¼ Fi  _F1i ;
4: Lh :¼ 13
d
dt
ðln JhÞ1; 5: Lz :¼
1
3
d
dt
ðln JzÞ1: ð12Þ
Consequently Le; Li; Lh; Lz, represent respectively the elastic, inelas-
tic, thermal and transformation part.
2.2. Volume changes due to pressure, temperature and phase fraction
Let us consider a mixture of nz P 2 phases (constituents) fulﬁll-
ing a volume differential dV and having a mass differential dm at
the reference conﬁguration. We assume that the mixture is homo-
geneous, i.e. all phases are equally distributed. The (bulk) densities
q0 and q of the mixture with respect to the reference and the
current conﬁgurations are respectively deﬁned as
1: q0 ¼
dm
dV
; 2: q ¼ dm
dv : ð13Þ
Within the volume dv, let the ith phase have its volume dv i and its
mass dmi. The volume phase fraction z
ðvÞ
i , the mass phase fraction zi
and the density of the ith phase are deﬁned by
1: zðvÞi ¼
dv i
dv ; 2: zi ¼
dmi
dm
; 3: .i ¼
dmi
dv i
: ð14Þ
Generally, the mixture is not (spatially) homogeneous. Based on
(13) and (14), the quantities .; zðvÞi ; zi and .i are deﬁned at a body
point X 2 B0 by a limit process with volumes contracting to this
point. We assume that such limit process is possible. Thus, these
quantities are functions of space, and, clearly, of time. Obviously,
the following balances are valid in all body points and for all times,
1:
Xnz
i¼1
zðvÞi ¼ 1; 2:
Xnz
i¼1
zi ¼ 1; 3: zðvÞi P 0;
4: zi P 0 for all i ¼ 1; . . . ;nz: ð15Þ
3048 R. Mahnken et al. / International Journal of Solids and Structures 50 (2013) 3045–3066The mass included in a ﬁxed volume does not depend on possible
volume changes due to temperature or strain changes. Thus, the
mass phase fractions zi have the advantage to be independent of
temperature and deformation. Moreover, from (13) and (14) a rela-
tion between mass and volume phase fractions follows (for all
admissible temperatures h and pressures p)
zi ¼ .i½h;p.½h z
ðvÞ
i ½h;p for all i ¼ 1; . . . ;nz; ð16Þ
as well as the following mixture rules for the bulk density . and its
inverse are valid
1: . ¼
Xnz
i¼1
.iz
ðvÞ
i ; 2:
1
.
¼
Xnz
i¼1
1
.i
zi: ð17Þ
We remark that some of the formulas derived above can also be
found in Raniecki et al. (1991). We also remark, that fortunately,
due to the small differences of the densities of the steel phases (at
the same temperature), the difference between mass and volume
fractions (‘‘absolute error’’) is less than 0:02. The relative error is
less than 4.5% in unfavorable cases, see Mahnken et al., 2012.
Inserting the relations (13) into Eq. (1.2) and regarding the mul-
tiplicative decomposition of the deformation gradient in Eq. (3.2)
renders
J ¼ dv
dV
¼ q0
q
¼ Je  Jh  Jz; ð18Þ
where Je ¼ det Fe; Jh ¼ det Fh; Jz ¼ det Fz, respectively are elastic,
thermal and transformation parts.
We assume that the volume dV will be changed by a density
change induced by pressure change p p0, temperature change
h h0 and/or by and phase fraction change z z0, leading to a
new volume dv with a new density q. Let q be a function of pres-
sure p, absolute temperature h and of mass phase fractions z with
reference value q0 ¼ q½p0; h0; z0. Upon deﬁning a state vector s ¼
½p; h; z, a Taylor extension up to the ﬁrst-order terms yields
J¼q0
q
1 1
q0
@q
@p

s0
ðpp0Þ
1
q0
@q
@h

s0
ðhh0Þ 1q0
Xnz
i¼1
@q
@zi

s0
ðziz0iÞ: ð19Þ
Using the mixture rule for the inverse density in (17) and rearrang-
ing, the relation (19) gives
J ¼ q0
q
 1
Xnz
i¼1
q0z0i
qi½p0; h0
1
qi½p0; h0
@qi
@p
½p0; h0
 
ðp p0Þ
þ
Xnz
i¼1
q0z0i
qi½p0; h0
 1
qi½p0; h0
@qi
@h
½p0; h0
 
ðh h0Þ
þ
Xnz
i¼1
q0
qi½p0; h0
ðzi  z0iÞ: ð20Þ
Using Eq. (15) the last summand in Eq. (20) can be re-written in
accordance with
Xnz
i¼1
q0
qi½p0; h0
ðzi  z0iÞ ¼
Xnz
i¼1
q0
qi½p0; h0
zi 
Xnz
i¼1
zðvÞi ½p0; h0
¼
Xnz
i¼1
q0
qi½p0; h0
zi  1
¼
Xnz
i¼1
q0
qi½p0; h0
zi 
Xnz
i¼1
zi
¼
Xnz
i¼1
q0
qi½p0; h0
 1
 
zi: ð21ÞDeﬁning the isothermal compressibility of the ith phase ji½p0; h0, the
bulk compressibility j, the heat-dilatation coefﬁcient of the ith
phase ai½p0; h0, the bulk heat-dilatation coefﬁcient a and the mass
phase-dilatation coefﬁcient bmi of the i
th phase (all related to the ref-
erence pressure p0, to the reference temperature h0 and to the ref-
erence phase mixture zðvÞ0 ) by
j½s0 :¼
Xnz
i¼1
q0z0i
qi½p0; h0
ji½p0; h0; ji½p0; h0 :¼
1
qi½p0; h0
@qi
@p
½p0; h0;
a½s0 :¼
Xnz
i¼1
q0z0i
qi½p0; h0
ai½p0; h0; ai½p0; h0 :¼ 
1
3qi½p0; h0
@qi
@h
½p0; h0;
b½p0; h0 :¼ b1; . . . ; bnz
 T
; bi½p0; h0 :¼
1
3
q0
qi½p0; h0
 1
 
;
ð22Þ
a compact form of Eq. (20) is
J  1 j½s0ðp p0Þ þ 3a½s0ðh h0Þ þ 3bT ½p0; h0z ð23Þ
and where the numbers 3 have been introduced for convenience.
Next, assuming the approximation J  1  ln J for small elastic, ther-
mal and transformation strains, the multiplicative form (18) can be
transformed by use of (23) into the following additive form
ln J ¼ ln Je þ ln Jh þ ln Jz ð24Þ
 j½s0ðp p0Þ þ 3a½s0ðh h0Þ þ 3bT ½p0; h0z: ð25Þ
In order to take experimental ﬁndings into account, we let j depend
on h in forthcoming considerations.2.3. Balance relations
In macroscopic modeling of steel behavior, the material is usu-
ally regarded as a coexisting mixture of its phases (i.e. constitu-
ents). In contrast to general mixtures, the phases do not diffuse.
Here, we assume a constant (macroscopic) carbon content.
Using balance relations in a material representation with re-
spect to the reference conﬁguration B0 we have, see e.g. Haupt
(2002)
1: .0€u DivðF  SÞ ¼ .0f; ðlinear momentumÞ
2: .0 _eþ Divq0 ¼ S : _Eþ .0rh; ðenergyÞ
3:  .0 _eþ .0h _gþ S : _E
1
h
q0  GradhP 0: ðentropyÞ
ð26Þ
In addition to the above notations we use: .0 – density in the
reference conﬁguration, u – displacement vector, E ¼
ð1=2ÞðF  F 1Þ – Green strain tensor, S – (symmetric) 2nd
Piola–Kirchhoff stress tensor, f – mass density of external forces, e
– mass density of the internal energy, q0 – heat-ﬂux density vector,
rh – mass density of heat supply. The dot above the argument
denotes its time derivative. We also recall, that the inequality
26.3 is known as the Clausius–Duhem inequality.
We assume the following functional relation for the Helmholtz
free energy W be given by
W ¼ W½Ce; q; z; h; ð27Þ
where Ce ¼ FTe  Fe is the elastic right Cauchy–Green tensor,
q ¼ ½qi; . . . ; qnq  is a vector of hardening internal variables of strain
type. The vector z = ½z1; z2; . . . ; znz ;  introduced in Section 2.2 consid-
ers the different nz phases, and also plays the role of an internal var-
iable. Next, we note the constitutive relations for the Mandel stress
tensor M and the entropy g and deﬁne thermodynamic forces
Q ¼ ½Q1;Q2; . . . ;Qnq T and Z ¼ ½Z1; Z2; . . . ; Znz T :
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@W
@Ce
; 2: g ¼  @W
@h
; 3: Q ¼ q0
@W
@q
;
4: Z ¼ q0
@W
@z
: ð28Þ
The thermodynamic forces Qi are called hardening stresses and the
quantities Zi are named chemical forces. The relations (28.1) and
(28.2) result from the Clausius–Duhem inequality by standard argu-
ments, see e.g. Mahnken et al. (2012). The following inequalities are
sufﬁcient for the validity of the Clausius–Duhem inequality (26.3)
1: Di ¼M : Li  Q _q Z _zP 0; 2: Dh ¼ 1h q0  GradhP 0: ð29Þ
A common approach for the heat ﬂux vector in Eq. (29.2) is the Fou-
rier-law with respect to the reference conﬁguration
q0 ¼ khðdet FÞC1  Gradh, where kh a non-negative heat conduc-
tion coefﬁcient. In a general setting it is necessary to formulate evo-
lution equations
1: Li ¼ Li½M;Q ; Z; q; z; h; 2: _q ¼ _q½M;Q ; Z; q; z; h;
3: _z ¼ _z½M;Q ; Z; q; z; h; ð30Þ
which are in accordance with the Clausius–Planck inequality 29.1,
such that the model under consideration becomes thermodynami-
cally consistent. In the framework above the evolution equations
are formulated in terms of the Mandel stress tensor M, the harden-
ing stresses Q and the chemical forces Z, which appear as conjugate
(dual) variables to Li; _q and _z in Eq. (29.1).
Following Cailletaud et al. (1995) and Saï et al. (2011) the termi-
nology ‘‘multi-mechanism’’ is used when different behaviors are
observed in the material. These behaviors may be linked to differ-
ent strain ranges, different stress ranges, different temperatures,
etc. Concerning the mathematical structure of a multi-mechanism
model in Saï et al. (2011), an nMmC model is obtained with n
mechanisms (i.e. number of inelastic strain contributions) and m
criteria (i.e. number of yield functions): Accordingly, the above
velocity gradient is additively decomposed as
Li ¼
Xn
j¼1
Lin;j: ð31Þ
We will return to this issue in Section 3.9.
2.4. Heat-conduction equation
The heat-conduction equation can be derived in a standard way
from the energy Eq. (26.2) (cf. e.g. Haupt (2002)). Taking the Eq.
(28) into account and expressing the stress power as P ¼ S : _E ¼
M : L, one gets from Eq. (26.2):
q0cd _hþ Divq0 ¼ M : Li  Q _q Z _zþ h
@M
@h
: Le
þ h @Q
@h
_qþ h @Z
@h
_zþ q0rh
with the heat capacity
cd :¼ h @
2W
@h2
¼ @e
@h
 
: ð33Þ
Eq. (32) will be further specialized in Section 3.9.3. A prototype model for cutting processes
The general thermodynamic framework of the previous section
is now specialized to the scenario of a cutting process. To this end,
we make concrete proposals for the Helmholtz free energy as wellas for the evolution of internal variables. Finally, we discuss the
thermodynamic consistency of the model developed below.
In the cutting process under consideration, there are mainly
two phases, numbered as follows:
A for austenite
M for martensite:
ð34Þ
Consequently, the total number of phases introduced in the previ-
ous subsection becomes nz ¼ 2.3.1. Helmholtz free energy
The Helmholtz free energy W describes the energy storage due
to small reversible deformations of the crystal lattice as well as
inelastic deformations. More generally, it can also be used to de-
scribe different storage mechanisms, e.g. energy changes due to
interfacial effects or dislocations. As a speciﬁc example of a Helm-
holtz free energy function we consider, see e.g. Raniecki et al.
(1991) and Fischer et al. (1996):
1:W¼Wiso½Ce;z;hþWvol½Ce;z;hþWh½hþWp½q;z;hþWch½z;h; where
2:Wiso¼G½h
4q0
tr ln C^e
h i2 
3:Wvol¼ 1
2q0
K½h ln Jeð Þ2
4:Wh¼
Z h
h0
cd½hdhh
Z h
h0
cd½h
h
dh
5:Wp¼Wp1þWp2¼ 1
2q0
H1q21þ
1
2q0
H2q22:
6:Wch¼
X2
i¼1 zi z0ið Þ/ch;i½h:
ð35ÞRemark 3.1
1. The elastic partWel = Wiso + Wvol takes storage quantities related
to the elastic strains into account. The part Wiso in Eq. (35.2)
considers isochoric deformations due to isochoric elastic
strains, where C^e ¼ J2=3e Ce. The part Wvol in Eq. (35.3) considers
volumetric strains represented by Je deﬁned in Eq. (1.2). Fur-
thermore, G½h and K½h ¼ j½h1 are the shear modulus and
the compression (or bulk) modulus, respectively, both depen-
dent on temperature h. These are related to Young’s modulus
E, Poisson’s ratio m and the compressiblity j as1: G½h ¼ 2E h½ 
1þ m ; 2: K½h ¼
E h½ 
3ð1 2mÞ ¼ j½h
1
: ð36ÞWe employ a linear dependence of Young’s modulus asE ¼ E0 þ cE h h0ð Þ; ð37Þwhere h0 is the reference temperature of Section 2 and ce is a con-
stant. We remark, that the above ad hoc extension for the bulk
modulus 36.2 could also be included in the deﬁnition (22)
2. Assuming the approximation ln J  J  1, i.e. we assume that the
volumetric changes due to elasticity, temperature and/or phase
transformation are small, the additive decomposition (25)
yieldsWvol ¼ 1
2q0
K½h ln Jeð Þ2 ¼
1
2q0
K½h ln J  ln½JhJzð Þ2
 1
2q0
K½h ln J  3 a½s0ðh h0Þ þ bT ½p0; h0z
  2
: ð38Þ
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Eq. (35.2) (similarly as in Hallberg et al. (2007)). Consequently,
it sufﬁces to take into account the temperature dependence as
introduced in Eq. (37), a dependence of G and K on the phase-
fraction vector z is not used.
4. The term Wh in Eq. 35.4 represents thermally stored energy.
Here, we neglect the phase dependence of the speciﬁc heat
capacity cd. To be consistent with the approach in 35.6, the term
Wh refers to the initial state, e.g. to martensite (cf. point 6 of
these remarks).
5. The inelastic part Wp of the Helmholtz free energy is deﬁned in
Eq. (35.5). It accounts for energy storage due to inelastic defor-
mations, more concretely to combined linear and nonlinear iso-
tropic hardening. q1 and q2 are (scalar) internal variables of
strain type, such that its number is nq¼ 2. The evolution will
be described below. Note, that there is a technical difference
to the presentation in Mahnken et al. (2009), but the sum of
the thermodynamical forces Q1 and Q2 (cf. Eq. (28.1)) ﬁnally
equals to the single force Q in Mahnken et al., 2009. Q0; b and
H are positive constants.
6. The term Wch in Eq. 35.6 represents the chemically stored
energy with respect to phase transformations. In case of no
phase transformations, i.e. for z ¼ z0, this term does not
appear.
3.2. Thermodynamic forces
As discussed previously in Section 2 the thermodynamic forces
are obtained from the relations (28). Consequently, from Eq. (28.1)
and Eq. (38) the Mandel stress tensor is
M ¼ q02Ce 
@W
@Ce
¼ K½h ln J1þ G½hdev ln Ce
h i
 3K½h a½s0ðh h0Þ þ bT ½p0; h0z
 
1: ð39Þ
The ﬁrst two terms in Eq. (39) represent the spherical and devi-
atoric stress tensors due to deformations.
The third term accounts for thermo-mechanical and chemo-
mechanical coupling, respectively.
From the Eq. (28.3) and (28.4), (38), and (35.5) and (35.6) we
identify the hardening stresses and the chemical forces as
1: Q1 ¼ q0
@Wp
@q1
¼ H1q1; 2: Q2 ¼ q0
@Wp
@q2
¼ H2q2;
3: Zi ¼ q0
@W
@zi
¼ K½h q0
qi½h0
 1
 
ln Je þ q0/ch;i½h; i ¼ M;A:
ð40Þ
Remark 3.2.
1. Applying the ‘‘trace-’’operator tr½ ¼ 1 : ½ to Eq. (39), renders
the pressure as3p ¼ trM
¼ 3K½h ln J  3 a½s0ðh h0Þ þ bT ½p0; h0z
  
ð41Þwhich for p0 ¼ 0; h ¼ h0 is in accordance with Eq. (25).
2. As we will see later, the two terms on the right-hand side of Eq.
(40.1) represent nonlinear and linear isotropic hardening,
respectively.3. For steel (see Mahnken et al., 2012; Mahnken et al., 2012) and
small elastic strains we haveq0
qi½h0
 1
 
 0; Je  1) K½h
q0
qi½h0
 1
 
ln Je
 0) Zi  q0/ch;i½h: ð42Þ
4. The chemical force Zi  q0/ch;i can be regarded as (volume den-
sity of) the free enthalpy of the phase zi. (This fact relies on the
Gibbs–Duhem relation, we refer to Nolting, 2010; de Groot
et al., 1984; Raniecki et al., 1991, amongst others).
In the process under consideration with two phase, the balance
relation 15.1, relates the rate of austenite to the rate of martensite
as
_zA ¼  _zM: ð43Þ
This allows writing the following relation:

X2
i¼1
Zi _zi ¼ ZM _zM  ZA _zA ¼  ZM  ZAð Þ _zM: ð44Þ
Thus, employing the approximation (42) for the chemical forces Zi,
the dissipation term related to phase transformations in Eq. (29) can
be re-written as

X2
i¼1
Zi _zi ¼  ZM  ZAð Þ _zM  q0 /ch;M  /ch;A
	 

_zM: ð45Þ
A possible relation for the chemical force difference ZM  ZA is
ZM  ZA ¼ q0ð/ch;M  /ch;AÞ ¼ q0ðh hðM;AÞ0 Þ
QM;A
hðM;AÞ0
: ð46Þ
Here hðM;AÞ0 is deﬁned as the equilibrium temperature, at which the
martensitic phase has the same free enthalpy as the austenite.
Consequently, the temperature difference ðh hðM;AÞ0 Þ is the ‘‘und-
ercooling’’ or the ‘‘overheating’’, respectively. Furthermore, in Eq.
(46) Q M;A is the activation energy for the transformation M ! A. It
is assumed to be positive, which is a plausible assumption, since a
phase transformation only takes place, if the free enthalpy of the
parent phase is greater than the free enthalpy of the generated
phase. We will return to this point when discussing thermody-
namic consistency of the model in Section 3.7 as well as when
dealing with the special case of the heat-conduction equation
in Section 3.9.
3.3. A yield function of Johnson–Cook type
In Johnson and Cook, 1983 the following (original) relation is
proposed for the von Mises stress rv :
1: rv ¼ ðAþ BenvÞ 1 ðhð ÞmÞ 1þ C ln
_ev
_e0
  
;
2: h ¼
0 for h < hr
hhr
hmhr for h
r 6 h 6 hm
1 for h > hm:
8><
>:
ð47Þ
Here h is the homologous temperature, hr is the room temperature
and hm is the melt temperature of the material, respectively, and
A; B;n;C; e0;m are six material parameters. A is the initial yield
stress (subsequently denoted as Y0), and B and n represent the ef-
fect of strain hardening. C and e0 represent the effect of rate depen-
dency for the yield stress, whereas m represents the effect of
adiabatic heating. The above formulation accounts for rate and tem-
perature dependency.
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yield function
1: / ¼ rv  ðY0 þ Q1 þ Q2ÞJ 2: J ¼ J hJ R
3: J h ¼ 1 hð Þm	 
 4: J R ¼ 1þ C ln _ev
_e0
 
1
  
;
where the von Mises stress is written in terms of the deviatoric part
of the Mandel stress tensor as
rv ¼
ﬃﬃﬃ
3
2
r
kMdevk: ð49Þ
Subsequently, the coefﬁcient J in Eq. (48.2) shall be refered to as
the Johnson–Cook coefﬁcient, where J h and J R reﬂect the depen-
dences of temperature and strain rate, respectively.
Remark 3.3
1. Comparing Eq. (47) and Eq. (48) we introduce as a ﬁrst modiﬁ-
cation, that the hardening stress Benv in Eq. (47) is replaced by
the sum of hardening stresses Q1 and Q2 introduced in the rela-
tions (40).
2. Comparing Eq. (47) and Eq. (48) we introduce as a further
(slight) modiﬁcation the notation x1 ¼max x;1f g. This ensures
the relation    J ¼ 1 hð Þm	 
 1þ C ln _ev
_e0 1
P 0 ð50Þfor all parameters C P 0; e0 > 0;m > 0, and all temperatures
h > 0.
3.4. Evolution equations for visco-plasticity
We split the inelastic part Li of the velocity gradient L into the
sum
Li ¼ Lp þ Lt ; ð51Þ
where Lp and Lt represent the visco-plastic and the TRIP part,
respectively. In the following we propose evolution equations for
both quantities. Within this approach, we extend the well-known
Johnson–Cook model in order to take into account asymmetric ef-
fects for plasticity, based on the concept of stress-mode related
weighting functions introduced in Mahnken, 2003.
3.4.1. Stress mode related weighting functions
Following the approach of Mahnken (2003) for the weighting
functions wi it is stipulated that
1:
XS
i¼1
wi½M ¼ 1; 2: wi½Mj ¼ dij; 3: wi½MP 0; ð52Þ
i.e. the weighting functions wi are associated to different indepen-
dent characteristic stress modes characterised by stress tensors
Mj; j ¼ 1;2; ::; S. We also remark, that Eq. (52.1) can be regarded as
a completeness condition, whereas Eq. (52.2) constitutes a normalisa-
tion condition for the weighting functions. The speciﬁc mathemati-
cal structures for weighting functions have been introduced in
Mahnken, 2003 on the basis of the following quantities:
1: n ¼
ﬃﬃﬃﬃﬃﬃ
27
p
2
Mdev I3
ðMdev I2Þ3=2
2: Mdev Ii ¼ 1i 1 : ðM
devÞi; i ¼ 2;3:
ð53Þ
The quantity n is refered to as the stress mode factor and has the
property 1 6 n 6 1. Related graphical interpretations are given
in Mahnken, 2003.For the stress modes related to the loading scenarios of tension,
compression and shear we set S ¼ 3. Then the requirements (52)
are satisﬁed by the following weighting functions in terms of the
stress mode factor n:
1: tension : w1½n ¼ n
2; if nP 0
0; else
(
2: compression : w2½n ¼ n
2; if n 6 0
0; else
(
3: shear : w3½n ¼ 1 n2
ð54Þ
For the case, that experimental data are available only for the load-
ings in tension and compression, with S ¼ 2 the following functions
are used
1: tension : w1½n ¼ 12 ð1þ nÞ
2: compression : w2½n ¼ 12 ð1 nÞ:
ð55Þ3.4.2. Evolution of internal variables
We assume the following evolution equations for the visco-
plastic part Lp of the velocity gradient in Eq. (51) and the internal
variables q1 and q2 in the relation (35.4)
1: Lp ¼ _k
ﬃﬃﬃ
3
2
r
N; where N ¼ M
dev
jjMdev jj ;
2: _q1 ¼ _kJ 1 c
Q1
H1
 
;
3: _q2 ¼ _kJ ;
ð56Þ
where J is the Johnson–Cook coefﬁcient in Eq. (50.2). Furthermore,
the plastic multiplier _k is obtained from the loading/unloading con-
ditions, see e.g. Simo et al., 1998,
1: _kP 0; 2:/ 6 0; 3: _k/ ¼ 0: ð57Þ
Here, we have also introduced the rate of equivalent plastic strain
_ev , deﬁned as _e2v ¼ 2=3 Lp : Lp, such that by use of Eq. (56.1) one ob-
tains the relation
_ev ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
Li : Li
r
¼ _k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
3
2
N : N
r
¼ _k: ð58ÞRemarks 3.4
1. The coefﬁcient cP 0 in Eq. (56.2) may depend on the tempera-
ture and different quantities, e.g. invariants of the stress tensor.
2. Here, we consider positive constant parameters H1 and H2. A
dependence on temperature is possible, while a dependence
on further quantities would result in more terms in the Clau-
sius–Planck inequality (29.1).
3. As explained in Mahnken (2005) an alternative mixed-variant
representation of the above ﬂow rule 56.1 relative to the refer-
ence conﬁguration B0 is as follows:1: Lin ¼ F1i  Li  Fi ¼ 
1
2
_C1i  Ci ¼ _kN; where
2: N ¼ M
dev
jjMdev jj
3: Ci ¼ Fti  Fi;
ð59ÞThis representation is more convenient with respect to numeri-
cal implementation in order to get an objective time-integration
scheme Simo et al., 1998.
Table 2
Model B: Rate dependent ﬂow factor with a rate independent yield function
(I) Flow rule Lp ¼ _k
ﬃﬃ
3
2
q
N
(II) Flow direction N ¼ MdevjjMdev jj
(III) Flow factor for each
mode
_ki ¼ <U>Ki
 ni
(IV) Weighted ﬂow factor _k ¼ PS
i¼1
wi _ki ¼ _ev
(V) Overstress function U ¼ rv  ðY0 þ Q1 þ Q2ÞJ h
(VI) von Mises stress rv ¼
ﬃﬃ
3
2
q
jjMdev jj
(VII) Hardening stress _Q1 ¼ _kJ h H1  cQ1ð Þ; _Q2 ¼ _kH2J h
(VIII) Johnson–Cook
coefﬁcient
J h ¼ 1 hð Þm	 

(IX) Material parameters jpi ¼ ½Y0;H1;H2; c; ch;Ki;ni;mT ,
i ¼ 1; . . . ; S
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obtains
1: _Q1 ¼ H1 _q1 ¼ _kJ H1  cQ1ð Þ
2: _Q2 ¼ H2 _q2 ¼ _kH2J
ð60Þ
For the special case J ¼ 1;H1;H2 and c > 0 being constant, and the
initial conditions Q1ð0Þ ¼ 0;Q2ð0Þ ¼ 0 one obtains the solutions
1: Q1ðevÞ ¼ H1c ð1 expðcevÞÞ
2: Q2ðevÞ ¼ H2ev :
ð61Þ
With the stress mode related weighting functions in the Eqs. (53),
(55) and evolution of the hardening stresses in (60) at hand we
are in a position to formulate two extended variations of the origi-
nal Johnson–Cook model based on Eq. (47).
3.4.3. Model A: rate independent ﬂow factor with a rate dependent
yield function
Table 1 summarizes all equations for the ﬁrst proposel for sim-
ulation of asymmetric visco-plasticity, labeled Model A in the se-
quel: It consists of a ﬂow rule in Eq. (I), with ﬂow direction in Eq.
(II) and ﬂow factor in Eq. (III). The yield function in Eq. (IV) consti-
tutes a barrier term for the von Mises stress rv in Eq. (V), written in
terms of the Mandel stress tensor M. The scalar Y0 in Eq. (IV) rep-
resents an initial barrier for inelastic behavior, which is increased
by the hardening stresses Q1 and Q2 in Eq. (VI). The total barrier
Y0 þ Q1 þ Q2 may be decreased or increased by the Johnson–Cook
coefﬁcient J in Eq. (VII). Rate dependence of Model A is achieved
by the factor J R. The key idea of Model A is obtained by the
weighted constants in Eq. (VIII). All related material parameters
are summarized in Eq. (IX).
3.4.4. Model B: rate dependent ﬂow factor with a rate independent
yield function
Table 2 summarizes all equations for the second type of asym-
metric visco-plasticity. Compared to Model A, the key idea here is
an additive decomposition of the ﬂow factor in Eq. (IV) into a sum
of S stress mode related quantities. The ﬂow factors for each mode
in Eq. (III) are formulated as standard power laws and render the
rate dependence for the model. Furthermore the notation < x > =
x for x > 0; < x > = 0 for x 6 0 has been used, such that the function
U = U½M;Q  in Eq. (V) plays the role of an overstress function. Note,
that for simplicity the ﬂow direction in Eq. (II) and the ﬂow factor
in Eq. (III) are assumed to be identical for all stress modes. Contrary
to Model A, the hardening stresses Q1 and Q2 in Eq. (VII) consider
only the temperature part J h of the Johnson–Cook coefﬁcient inTable 1
Model A: Rate independent ﬂow factor with a rate dependent yield function
(I) Flow rule Lp ¼ _k
ﬃﬃ
3
2
q
N
(II) Flow direction N ¼ MdevjjMdev jj
(III) Flow factor _k ¼ _ev ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3 Lp : Lp
q
(IV) Yield function U ¼ rv  Y0 þ Q1 þ Q2ð ÞJ
(V) von Mises stress rv ¼
ﬃﬃ
3
2
q
jjMdev jj
(VI) Hardening stresses _Q1 ¼ _kJ H1  cQ1ð Þ; _Q2 ¼ _kH2J
(VII) Johnson–Cook
coefﬁcient
J ¼ J hJ R;J h ¼ 1 hð Þm	 

J R ¼ 1þ C ln _ev_e01
  
(VIII) Weighted constants
Y0 ¼
PS
i¼1
wiY0i , c ¼
PS
i¼1
wici;C ¼
PS
i¼1
wiCi;
_e0 ¼
PS
i¼1
wi _e0i , m ¼
PS
i¼1
wimi
(IX) Material parameters jpi ¼ ½Y0i;H1;H2; ci;Ci; _e0i;miT ,
i ¼ 1; . . . ; SEq. (VIII), since rate dependence is activated by the power laws
in Eq. (III). All material parameters of Model B are summarized in
Eq. (IX).
3.5. A ﬂow rule for transformation plasticity
A general ﬂow rule for the transformation part Lt occurring in
Eq. (51) can be written as
Lt ¼
Xnz
i¼1
Lt;i; ð62Þ
where Lt;i represents transformations strains due to transformation
of the ith phase, see e.g. Mahnken et al., 2012 for multiple transfor-
mations strains. In this paper, we assume that TRIP is only caused
by martensitic transformations, neglecting possible TRIP during
the formation of austenite. In case of necessity, TRIP caused by
austenitic transformation can be included without difﬁculties. Thus,
we suppose
Lt ¼ _zM 32 f
0
1KtpM½rv  ðMdevÞ
t
: ð63Þ
In this way, the term Lt in Eq. (63) generalizes the TRIP approach
due to Leblond (1989) among others within a small strain theory.
The scalar KtpM in Eq. (63) is the Greenwood–Johnson parameter
(Greenwood and Johnson (1965)). A dependence on the stress rv
has been introduced in Mahnken et al. (2009) in order to obtain a
better agreement with experimental results as follows:
KtpM½rv  ¼ Ktp1M þ Ktp2Mrv : ð64Þ
The saturation function f1½zMin Eq. (63) is a heuristic function
satisfying
1: f 1½0 ¼ 0; 2: f 1½1 ¼ 1; 3: f 01½zM ¼
df1
dzM
P 0: ð65Þ
A possible formulation is given by Denis et al. (1983) as
1: f 1½zM ¼ 2 zð Þz ) 2: f 01½zM  ¼ 2 1 zð Þ; 3: f 001 ½zM  ¼ 2: ð66Þ
For further discussions and references concerning TRIP we refer to
Wolff et al. (2009).
3.6. Evolution of phase fractions
The cutting forming process under consideration is character-
ized by two phase transformations generally being dependent of
each other: Transformatiom of the martensitic initial state into
austenite and retransformation to martensite. There are a lot of dif-
ferent phenomenological (macroscopic) approaches for phase
transformations in steel. For discussion and references we refer
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tions for both phases according to the numbering (34).
In our setting, austenite can only be formed from the martens-
itic initial state due to conversion of mechanical dissipation into
heat during the cutting process. Thus, we set the initial conditions
z0 ¼ ½zM0; zA0 ¼ ½1;0T : ð67Þ
As a consequence of Eq. (67), the initial density q0 equals to qM ½h0.
Moreover, in the elastic part Wel ¼ WisoþWvol of the free energy (see
(Eq. 35.3)) as well as in Eq. (39) and Eq. (40) some speciﬁcations oc-
cur. For instance, Wel now reads as
Wel ¼ G½h
4qM½h0
tr ln C^e
h i2 
þ K½h
2qM½h0
ln J  3aM½hðh h0Þ þ KtvzAð Þð Þ2: ð68Þ
Here the constant
Ktv ¼ qM ½h0qA½h0
 1
 
ð69Þ
represents the volume change ratio DV=V after complete transfor-
mation for a two phase system, see e.g. Mahnken et al., 2010.
1. Formation of austenite: The heating is very fast and leads to
high temperatures. Therefore, for the evolution of the austenite
phase fraction zA we suppose a simple approach due to Leblond
et al. (1984)
_zA ¼ lMA 1 zAð ÞHðh Ac1Þ; ð70Þ
where lMA > 0 is a constant, Ac1 is the austenite start temperature.
The Heaviside function H with HðsÞ ¼ 1 for s > 0 and HðsÞ ¼ 0,
otherwise, plays the role of a switcher.
2. Formation of martensite: Martensite can only be formed
from austenite during rapid cooling due to the contact between
work-piece and tool, namely near the surface. We use a rate form
of the Koistinen-Marburger approach
_zM ¼ 
_h
kh
* +
ð1 zMÞHðhMS  hÞ: ð71Þ
Here, kh > 0 is the Koistinen–Marburger parameter, and hMS is the
martensite start temperature. In Eq. (71) we assume, that the total
amount of martensite transforms into austenite and thus is avail-
able for retransformation into martensite. Otherwise, the term
ð1 zMÞ could be replaced by ðzA  zMÞ.
3.7. Thermodynamic consistency
For thermodynamic consistency of model A and B under consid-
eration it is sufﬁcient, that the Clausius-Plank inequality (29.1) is
fulﬁlled. In the sequel, we basically follow the approach in Mahn-
ken et al., 2012. Using the split (51), the evolution Eq. (63) for TRIP,
(56.2), (56.3) for the internal variables q1 and q2, the Clausius–
Planck inequality (29.1) for model A re-writes as
Di ¼M : LiQ1 _q1Q2 _q2
X2
i¼1
Zi _zi
¼ _k rv  Q1þQ2ð ÞJð Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
PY0J
þ _kcQ
2
1
H1
J þ _zM 32 f
0
1KtpM ½rv 
 
kMdevk2
X2
i¼1
Zi _ziP0: ð72Þ
Analogously, for model B the Clausius–Planck inequality (29.1)
renders
Di¼M : LiQ1 _q1Q2 _q2
X2
i¼1
Zi _zi
¼ _k rv  Q1þQ2ð ÞJ h
	 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
PY0J h
þ _kcQ
2
1
H1
J hþ _zM32f
0
1KtpM ½rv 
 
kMdevk2
X2
i¼1
Zi _ziP0: ð73ÞDue to KtpM > 0 the ﬁrst three terms in (72) and (73) are non-neg-
ative. Therefore, it remains to investigate the identical last term of
both equations. Using the approximation (42), the assumption
(46) and re-writing this term in accordance with (45), it remains
to proof that

X2
i¼1
Zi _zi ¼ q0
X2
i¼1
h hði;2Þ0
 Q i;2
hði;2Þ0
_zi P 0: ð74Þ
Since the activation energies Q i;2 are assumed to be positive, each
summand in (74) is non-negative (taking the minus sign in front
of the sum into account). Indeed, for the transformationM ! A (ini-
tial state to austenite), the temperature h is higher than the equilib-
rium temperature hði;2Þ0 and zM decreases, i.e. _zM 6 0. Contrary,
during the transformations A ! M (austenite to martensite), ones
has hðM;AÞ0 > h and _zM P 0. It is well-known that the formation of
martensite is not an equilibrium reaction, and there must be a con-
siderable undercooling. Thus, the martensite-start temperature hMS
is much less than hðM;AÞ0 . However, this does not contradict our rea-
soning at the macroscopic level.
Thus, model A and B under consideration are thermodynami-
cally consistent. Moreover, this result does not depend on special
approaches for the evolution equations for the phase fractions like
Leblond–Devaux, Johnson–Mehl–Avrami–Kolmogoroff or Koisti-
nen–Marburger.
3.8. Interpretation as a multi-mechanism model
As mentioned in Section 2.3 the terminology ‘‘multi-mecha-
nism’’ is used when different behaviors are observed in the mate-
rial, linked to different strain ranges, different stress ranges,
different temperatures, etc. Accordingly, this list of macroscopic ef-
fects can extended to compression, tension and torsion modes and
moreover to phase transformation, as proposed in our prototype
model.
Consequently, the evolution equation for the inelastic part of
the velocity gradient Li of our prototype model B can also be recast
as the additive decomposition in Eq. (31). To this end we combine
the equations for the inelastic part Lp in Eq. (51) with the ﬂow rule
in Table 2 for model B and the transformation part in Eq. (62). This
renders the additive decomposition
Li ¼
XS
j¼1
wj
< U >
Kj
 nj
Nþ
Xnz
j¼1
Lt;j: ð75Þ
Thus, we have n ¼ Sþ nz mechanisms corresponding to S stress
modes and nz phase-transformations. According to the overview
in Table 2, the number of yield criteria is m ¼ 1.
For Model A in Table 1, the stress-modes are not explicitly re-
lated to the additive decomposition in Eq. (75), however, an impli-
cit relation is obtained by the stress mode dependent material
parameters in Table 1.
To the authors knowledge, up to now the theory of multi-mech-
anism models has been developed only in the framework of small
deformations (see Saï et al. (2011)). In this setting, the possible
coupling of the mechanisms via the coupling of individual back
stresses is characteristic and allows to describe observable interac-
tions. For an application to steel behaviour we refer to Wolff et al.
(2011). A corresponding application to ﬁnite deformations with
coupled kinematic hardening remains to future work.
3.9. Special form of the heat-conduction equation
In our case of two phases involved in the process, we can re-
write the heat-conduction Eq. (32), expressing again the austenite
rate. This gives
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@M
@h
: Le þ h
@Q
@h
_qþ
X2
i¼1
Li2 _zi þ q0rh; ð76Þ
where the latent heat Li2 of the transformation A ! M is introduced
as
LMA :¼ ZM þ ZA þ h @ZM
@h
 h @ZA
@h
 
: ð77Þ
Clearly, the relation LAA ¼ 0 holds. Using the approximation (42) and
the assumption (46) one gets (in case of constant Q i;2) from (77):
LMA ¼ q0Q M;A: ð78Þ
Thus, (the volume density of) the activation energy q0Q

M;A of the
transformation A! M is the latent heat of the corresponding trans-
formation. This assertion corresponds to the observation, that the
formation of martensite is exotherm. Contrary, the formation of
austenite is endotherm.
In our case, the isotropic hardening stresses do not depend on
temperature. Thus, we can ﬁnally write the heat-conduction equa-
tion in the following form.
q0 cd _hþ Divq0 ¼M : Li  Q _qþ h
@M
@h
: Le þ
X2
i¼1
Li2 _zi þ q0rh: ð79Þ3.10. Summary of constitutive equations
The constitutive relations of our multimechanism model are
formulated relative to the intermediate conﬁguration B are sum-
marized in Eq. (I) to Eq. (VI) of Table 3.
In Table 3 also the material parameters are summarized. For
simplicity, we use a constant for the thermal expansion aM½h. It
should also be noted that there are some limitations on the appli-
cability of the equations in Table 3 for general loading paths, espe-
cially unloading. However, for the sake of simplicity and assuming
that for the cutting process more or less proportional loading paths
are to be expected, they will serve as a working assumption in this
paper.Table 3
Multimechanism model for visco-plasticity and transformation-induced plasticity at
large strains.
I. Mandel stress tensor
1. M ¼ K½h ln Je10 þ G½hdev ln Ce
 
- K½h 3DhaM ½h þ KtvzAð Þ1
2. GðhÞ ¼ 2EðhÞ1þm , KðhÞ ¼ EðhÞ3ð12mÞ, E ¼ E0 þ cE h hE0
	 

II. Inelastic ﬂow
Additive decomposition
1. Li ¼ Lp þ Lt
Visco-plastic ﬂow: see Model A in Table 1 or Model B in Table 2
TRIP ﬂow
11. Lt ¼ _zM 32 f 01KtpM ½rv ðMdev Þ
t
12. KtpM ½rv  ¼ Ktp1M þ Ktp2Mrv
13. f 01½z ¼ 2 1 zMð Þ
III. Phase transformation (PT) kinetics
Martensite ! Austenite (M ! A):
1. _zA ¼ lMA 1 zAð ÞHðh Ac1Þ
Austenite ! Martensite (A ! M):
2. _zM ¼  _hkh ð1 zMÞHðhMS  hÞ
IV. Material parameters
1. jel ¼ ½E0; cE; hE0 ; mT
2. jh ¼ ½aM T
3. jtp ¼ ½Ktp1M ;Ktp2M ;lMA; khT
4. jtc ¼ ½kh ; cdT
5. jco ¼ ½hm; hr ;qM ;qA;Ac1; hMSTThe constitutive equations in Table 3 have been implemented
into a Finite-Element program using an implicit Euler scheme for
time integration. The resulting algorithm is very similar to the ap-
proaches in Mahnken, 2005; Mahnken, 2005; Mahnken et al., 2010
and therefore shall not be described in this paper.
4. Representative examples
In this section two numerical examples are presented. In the
ensuing Section 4.1 experimental data for a steel 100Cr6 are used
for parameter identiﬁcation of the constitutive equations of the
previous Section 3. In a second example the material model is
applied in Section 4.2 in order to investigate a cutting process.
4.1. Steel 100Cr6 under tension, compression and shear as well as
phase-transformation
This section exhibits simulations of the material behavior for
steel 100Cr6 with our multi-mechanism modell. The chemical
composition of the material 100Cr6 is listed in Table 4:.
As a main goal the corresponding material parameters are iden-
tiﬁed. To this end two sets of experimental data have been used:
1. Thermal–mechanical tests: This set of experiments takes into
account different temperatures, strain rates and stress modes
(e.g. tension, compression and torsion). However, only data
for temperatures below Ac3 are available, and thus only valid
for pure martensite.
2. Dilatometer tests: The second set of experiments covers a broad
temperature range – above and below the martensitic start
temperatureMs – thus taking into account the TRIP effect. How-
ever, stresses are below the yield stress of the two phase mate-
rial. Furthermore, we note, that the behaviour of phase
transformation subjected to the conditions of high rates, as in
the cutting process has not been considered so far
experimetally.
4.1.1. Thermal–mechanical tests
For the ﬁrst set, data are available for compression, tension and
shear in order to account for the SD-effect. Furthermore, tests were
performed at different strain rates and different temperatures in
order to account for rate and temperature effects. Concerning spec-
imen geometry and performence of the experiments we refer to
Halle (2005). So far experimental results are available with data
according to the following nomenclature:Notation Strain
rate (s1)Compression (c)/
tension (t)Temperature
(C)/Shear (s)t-R0001-T20 0.001 Tension 20
t-R120-T20 120 Tension 20
c-R0001-T20 0.001 Compression 20
c-R01-T20 0.1 Compression 20
c-R184-T20 184 Compression 20
c-R1890-T20 1890 Compression 20
c-R183-T400 183 Compression 400
c-R185-T600 185 Compression 600
s-R101-T20 101 Shear 20
s-R101-T600 101 Shear 600All specimens and samples used in the experiments are made
and provided by the project partner IWF from the Technical Uni-
versity of Berlin in the frame of the german research network
Table 4
Chemical composition of 100Cr6
C Si Mn P S Cr Mo Ni Al Cu Ti
% % % % % % % % % % %
0.97 0.19 0.41 0.01 0.01 1.43 0.05 0.10 0.01 0.11 <0.001
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Adorf, Germany. In the sequel we give a brief overview on perfor-
mence of the experiments.
Tension tests: The quasi-static tensile tests at strain rates of
0.001 s1 and at room temperature are performed using a mechan-
ical universal testing machine with a maximum load of 100 kN. The
dynamic-impact tensile tests are performed using a rotating wheel
machine. Fig. 1(a) shows the schematic illustration of the testing
device. It consists of a ﬂywheel, in which a claw is locked at the
beginning of the test. The ﬂywheel is accelerated with an electrical
drive to the required speed. If the testing velocity is reached, the
claw is released and is aligned due to the acting centrifugal force.
As the lower part of the specimen is ﬁxed in a pile, the specimen
is deformed abruptly, when the claw impacts the pile. Due to the
high energy capacity of the ﬂywheel machine, the material is de-
formed until failure without a signiﬁcant loss of the impact
velocity.
Compression tests: For the investigations under compressive
loading, specimens with a diameter of /6 mm and a height of ca.
6.5 mm are used. The quasi-static and quasi-dynamic tests at
strain rates of 0.001 and 0.1 s1 are performed on a universal test-Fig. 1. Test devices: a) Principle of high-rate tensile testing with ﬂywheel setup Handboo
at ca. 200 s1: (A) frame, (B) drop weight, (C) punch, (D) anvil, (E) specimen, (F) stoppin
Fig. 2. Test devices: (a) Schematic of a compression Split-Hopkinsoning machine with a maximum load of 100 kN. The forces were
measured using a calibrated load cell. The impact dynamic com-
pression tests at strain rates of ca. 102 s1 are performed using a
drop weight machine. A schematic illustration of the testing device
is shown in Fig. 1(b). A falling mass (B) of 600 kg is guided in a four
column frame (A). The punch (C) is mounted on the lower side of
the falling mass and impacts the specimen (E), which is adjusted
to an anvil (D). After the deformation of the specimen, the mass
is stopped by mechanical stopping devices (F) and caught by a
hydraulic brake. Using this technique, a second impact of the mass
to the specimen is avoided and the deformed specimen can be used
for further investigations, e.g. microstructure analysis. The dy-
namic force is measured directly on the punch (C). The dynamic
deformation is measured using an electro-optical gage (G). Beside
room temperature testing, the drop weight machine was also used
for dynamic compression tests at elevated temperatures. The spec-
imens were heated up using an inductive coil setup.
High dynamic compression tests at strain rates > 103 s1 were
performed using a Split-Hopkinson-Pressure-Bar setup (SHPB),
which is schematically shown in Fig. 2(a). A striker bar impacts
an incident bar and an elastic pressure wave is developed. The
pressure wave propagates through the incident bar and reaches
the specimen, which is located between the incident and the trans-
mitter bar. As the amplitude of the incoming pressure wave is lar-
ger than the yield strength of the specimen, the specimen is
deformed plastically. Hence, a part of the incoming stress wave is
transmitted to the transmitter bar and the other part is reﬂected
as a tensile stress wave in the incident bar. Applying the principlesk, 2002, b) Scheme of a drop weight machine used for dynamic compression loading
g device, and (G) incremental gage Handbook, 2002.
-Pressur-Bar (SHPB) Handbook, 2002, (b) Torsion test machine.
3056 R. Mahnken et al. / International Journal of Solids and Structures 50 (2013) 3045–3066of one dimensional elastic wave propagation in slim bars, the
stress–strain response of the material can be calculated.
Torsion tests: Experimental investigations under torsion loading
are performed using a high rate testing machine, which is available
at Chemnitz University of Technology, see Fig. 2(b). The machine is
developed for experimental investigations of materials under
monotonic and cyclic torsion loading. Furthermore, a wide range
of strain rates from 103 to 102 s1 can be realized in the machine.
For the dynamic tests at strain rates of 102 s1, the specimen is
ﬁxed at the lower end of a Hopkinson bar. According to the princi-
ple of a ﬂywheel machine, a ﬂywheel mass is accelerated. If the re-
quired testing velocity is reached, the specimen is impact loadedModel A
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Fig. 3. Steel 100cr6: Stress strain curves (a) under compression with same temperature
under tension and compression with same temperature and strain rate. Symbols refer tup to failure using a thread-quick-coupling device. Applying the
Hopkinson principle, the torque of the specimen is measured using
the Hopkinson bar. At room temperature, the transition from elas-
tic to elastic–plastic ﬂow of the specimen is measured with a strain
gage applied directly on the specimen. Higher plastic deformations
and the plastic deformation at high temperature torsion tests are
calculated from the torsion angle. The specimens were heated
using an inductive heating device.
The resulting stress strain curves are shown in Fig. 3. As can be
seen e.g. in Fig. 3(a) (from the data with symbols), the elastic
behavior is identical for different strain rates. However, the inelas-
tic behavior changes with strain rate, the higher the strain rate, theModel B
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Table 5
Material parameters for steel 100Cr6
jel: E0 [MPa] m½ cE[MPaC ] hE0 ½
C
2.06E + 05 0.28 0.0 20
jMApl : Y01 [MPa] Y02 [MPa] Y03 [MPa] H1 [MPa] H2 [MPa]
593.755 571.513 508.065 1.969E + 06 41.29
c1½ c2½ c3½ C1½ C2½
141.9 119.13 119.13 2.32E-02 1.92E-02
C3½ _e01 ½ _e02 ½ _e03 ½ m1½
1.92E-02 1.E-05 1.E-05 1.E-05 1.56
m2½ m3½
1.56 1.28
jMBpl : Y0 [MPa] H1 [MPa] H2 [MPa] c½ m½
666.39 4.47E + 05 92.4 57.04 1.19
K1½ K2½ K3½ n1½ n2½
34.2 71.2 71.2 2.664 5.63
n3½
5.63
jh: aM ½ 1C
0.884e-5
jtp: Ktp1M ½ 1MPa Ktp2M ½ 1MPa
	 
2 lMA½ kh ½ 1C
1.03E-04 0.13E-06 0.0012 0.013
jtc: kh½ WmmC cd ½ JkgC
4.6E-02 4.52E + 02
jco: hm½C hr ½C qM ½ kgmm3 qA½ kgmm3 Ac1½
C
1420 20 7.61 7.588 614
hMS½C
211
R. Mahnken et al. / International Journal of Solids and Structures 50 (2013) 3045–3066 3057larger the yield stress. Additionally, the stress–strain curves in
Fig. 3(b). illustrate the temperature dependence. The results in
Fig. 3.c show the asymmetric effect of the inelastic behavior
(786 MPa for tension, 809 MPa for compression), where both
curves are obtained with same strain rate and same temperature.
In addition, the results for the tests s-R101-T20 and s-R101-T600
in Fig. 4(a), reveal a different inelastic behavior for torsion in com-
parison to tension and compression. Lastly, the results in Fig. 4(b)
show shear stress–strain curves with temperature dependence.
For parameter identiﬁcation based on experimental testing a
least-squares functional is considered as an identiﬁcation criterion
in order to minimize the distance of the simulated data to the
experimental data. The least-squares problem reads:
f ðjÞ ¼ 12 jjdðjÞ  djj22 !minðj 2 KÞ; where
K ¼
Ynp
i¼1
Ki; Ki :¼ fai 6 ji 6 big
ð80Þ
Here, dðjÞ are the simulated data, which depends on the parame-
ters. ai; bi are lower and upper bounds for the material parameters.
A general framework and technical details for the minimization
of the least-squares functional is presented elsewhere, see e.g.
Mahnken et al., 1998; Mahnken, 2004 for more details, which shall
not be considered here.
The constitutive equations of Section 3 for Model A and Model B
of Table 1 and 2 have been used. In both cases we set S ¼ 3 for the
number of modes, thus referring to three types of experiments inModel A Model B(a)
(b)
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Fig. 4. Steel 100cr6: Stress–strain curves under (a) tension and compression, (b) torsion. Symbols refer to experiment, solid lines to simulation
3058 R. Mahnken et al. / International Journal of Solids and Structures 50 (2013) 3045–3066tension, compression and shear. Analogously to the procedure in
Mahnken (2003) the material parameters were obtained in a con-
secutive manner, ﬁrstly for model A the tension–compression data
were used to obtain parameters Y01;H11;H21; c1; ch1;C1; _e01;m1 for
tension as well as Y02;H12;H22; c2; ch2;C2; _e02;m2 for compression
and in a second phase the shear data were added thus obtaining
Y03;H13;H23; c3; ch3; C3; _e03;m3 to the ﬁnal results summarized in
Table 5 (jMApl ). Analogously the parameters for model B are
obtained and summarized in Table 5 (jMBpl ).
The comparison of the simulated data to the experimental data
is also shown in Fig. 3.a to Fig. 4.b, where the solid lines refer to
simulated data. In all diagrams, both for Model A and Model B a
good agreement between experiment and simulation is obtained
for both models. However, we are aware, that more tests are re-
quired to get more data for a convincing parameter-identiﬁcation.4.1.2. Dilatometer tests
For determination of material parameters representing the
stress–strain response of the under cooled austenite and the TRIPTime
Ac1
Ms
Temperature
Stress
(a)
Fig. 5. (a) Phase transformation for 100Cr6: schematic of temperature and stress loadi
temperature curves. Comparison of experimental and computed results (symbols refer
Fig. 6. Cutting simulation: Geometrypart of the material 100Cr6 (1.3505), so called dilatometer tests
are used, which were performed by Stiftung Institut für Werkstoff-
technik (IWT), University of Bremen. The thermo-mechanical sim-
ulator Gleeble (R) 3500 is used which combined the properties of a
hydraulic testing machine with those of a quenching dilatometer.
The machine was upgraded by a laser extensometer which allows
the measurement of longitudinal and transversal strains. On de-
tails for specimen preparation and the loading process we refer
to Ahrens (2003). Results on parameter identiﬁcation for phase
transformation are given in Mahnken et al. (2009) and Mahnken
et al. (2010). Details on the geometry and preparation of the hollow
cylindrical specimens are given in Irretier (2008).
The program for the specimens of temperature and stress is
illustrated in Fig. 5.a: The specimens are heated with constant
heating speed 6.2 K/s to the austenitizing temperature (850 C).
Then temperature is hold ﬁxed for 10 min for the homogenization
of the specimens in the measured length. Then the specimens
are cooled with quenching gas (-170 C), thus resulting into
complete martensitic transformation. A schematic illustration of-0.01
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ng with respect to time; (b) Phase transformation for 100Cr6: longitudinal strain-
to experiment, solid lines refer to simulation)
and ﬁnite-element discretization
Fig. 7. Cutting simulation: Contours of von-Mises stress for cutting depths 100 lm (left column) and 300 lm (right column)
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Fig. 8. Cutting simulation: Contours of temperature for cutting depths 100 lm (left column) and 300 lm (right column)
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Fig. 9. Cutting simulation: Contours of stress mode factor for cutting depths 100 lm (left column) and 300 lm (right column)
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Fig. 10. Cutting simulation: Contours of austenite volume fraction for cutting depths 100 lm (left column) and 300 lm (right column)
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Fig. 11. Cutting simulation: Contours of equivalent plastic strain for cutting depths 100 lm (left column) and 300 lm (right column)
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Fig. 12. White layer of 100Cr6: (a) Real illustration (IWF, Berlin), (b) Illustration of new transformed martensite.
3064 R. Mahnken et al. / International Journal of Solids and Structures 50 (2013) 3045–3066temperature and stress loading with respect to time is shown in
Fig. 5.a. In order to study the effects of external stresses on the
phase transformation behavior, tensile stresses (5 MPa, 50 MPa,
72 MPa and 100 MPa) and compressive stress (-50 MPa) are ap-
plied during under cooling. These are applied, when the tempera-
ture is approximately 100 C to 150 C above the martensitic
start temperature. The testing device allows a simultaneous strain
measurement in the longitudinal and radial direction. With these
data the TRIP strain, the volume strain and the fraction of the
transformed phase can be calculated, see Ahrens (2003) and Irre-
tier (2008). Fig. 5 shows longitudinal strain-temperature curves
under tension and compression for experimental results. So far
experimental results are available with data according to the fol-
lowing nomenclature:Notation Stress [MPa]D-50 50
D5 5
D50 50
D72 72
D100 100Analogously to the procedure in Mahnken et al. (2009) the
parameters for transformation induced plasticity are obtained
and summarized in Table 5. The resulting simulations for the lon-
gitudinal strain-temperature curves under tension and compres-
sion are also shown in Fig. 5. A satisfying agreement with
experimental data is obtained.
4.2. Simulation of a cutting process
In this example a cutting process is investigated in order to test
our material model. For all performed calculations the explicit
dynamics procedure with full thermo-mechanical coupling is used.
The geometry and the ﬁnite-element discretization are shown in
Fig. 6. The geometry of the tool is described be an negative rake an-
gle a ¼ 6, an clearance angle b ¼ 6. The dimensions of work-
piece (2D) are length 2000 lm, height 400 lm. The boundary
conditions on the workpiece are applied at the bottom, left side,
the cutting face as well as the right side under the cutting surface,
while the tool move in horizontal direction with constant velocity
v ¼ 40 ms1. The initial conditions assume the room temperature,
and a conventional cooling condition is applied over the surfaces of
the workpiece. A 4-node plan strain thermally coupled quadrilat-
eral element (CPE4RT) is used for the workpiece and the tool. High
mesh density is deﬁned around the cutting surface of the work-
piece and the cutting edge of the tool.Our model was implemented as a user-deﬁned subroutine (VU-
MAT) linked to Abaqus v6.9 and used to simulate asymmetric plas-
tic material behavior taking account phase tranformation of the
workpiece (Abaqus, 2009), and to a separation layer as shown in
Fig. 6 we assigned a shear failure criterion for separating the chip
from the workpiece. The tool was modeled as purely elastic with
high elastic modulus. To the material behavior of the workpiece
the constitutive equations in Section 3 with Model A were used.
Concerning the similarity of Model A and Model B according to
the parameter identiﬁcation as illustrated in Fig. 3 and 4, a compar-
ison of simulation results with different cutting depths is more
meaningful than with different models. Next, the comparison of
the von-Mises stress, temperature, stress mode factor, austenite
volume fraction and equivalent plastic strain for cutting depths
d ¼ 100lm and d ¼ 300lm at time instant 2:0  106;4:4  106;
6:8  106;9:2  106 and 1:16  105 are presented in Fig. 7–11,
respectively.
Obviously, for both simulations continuous chips are mainly
formed, and the chip for the smaller cutting depth d ¼ 100lm is
more blended. In contrast, the chip for cutting depth d ¼ 300lm
shows the tendency to form segmented chip as the cutting depth
rises. Fig. 7 shows that the von-Mises stress concentrate on the
shear zone. Due to mechanical dissipation the temperature locates
near the tool tip in the deformation zone of the workpiece as
shown in Fig. 8. In Fig. 9, the contours of stress mode factor n as de-
scribed in Section 3.4.1 for indicating the stress modes shows the
existence of tension, compression and shear zone. In Ramesh
et al., 2007 was reported, that due to the effect of pressure and
plastic strain on phase transformation temperatures a reduction
of the Ac1 temperature at which austenite formation starts needs
to be considered. Therefore, we taken 614C as the Ac1 temperature
in stead of the nominal austenitization temperature 732C for
100Cr6. The evolutions of austenitic transformation are shown in
Fig. 10. Due to rapid cooling the austenitic phase retransforms to
martensite once the temperature reaches the martensite start tem-
perature Ms. The new transformed martensite is illustrated in
Fig. 12.b, which dominates white layer formation Ramesh et al.,
2007. Fig. 12.a gives a microscopic illustration of the white layer
of the material DIN 100Cr6, which was experimentally made by
the project partner in the frame of the german research program
SPP 1480, Institute for Machine Tools and Factory Management
(IWF), Technical University Berlin.5. Summary and conclusions
In this paper we have developed a multimechanism model for
simulation of visco-plastic material behavior accompanied by
phase transformations. The model is formulated within a thermo-
R. Mahnken et al. / International Journal of Solids and Structures 50 (2013) 3045–3066 3065dynamic framework for large strains. This general model has been
specialized and applied to a cutting process in steel production. To
this end the model of Johnson–Cook is extended to take into ac-
count visco-plastic asymmetric effects and transformation induced
plastictiy. We are aware of its weakness, since it is not based on
underlying physics such as dislocation theory. As a consequence,
it should not be used outside the domain, where data exist. In
the future, the methology developed on a thermodynmics frame-
work in this paper will be extended to different models, such as
the Zerilli-Armstrong model Zerilli et al., 1987.
The phase transformations under consideration are: Transfor-
mation of the martensitic initial state into austenite, then retrans-
formation to martensite. Thermodynamic consistency of the model
developed has been proven. Moreover, this result does not depend
on possible modiﬁcations within the evolution equations of phase
transformations and of TRIP. The ﬁnite-element simulation of
mechanical behavior and phase transformations in a cutting pro-
cess demonstrates the capability of the model developed to simu-
late realistically this process.
Concerning further extensions, the model should consider
microscopically based observations. As mentioned in Tjahjanto
et al. (2008) and Iwamoto and Tsuta (2004) this would enable to
take into account the effect of anisotropy due to crystallographic
orientations and in this way would provide a detailed insight into
the inﬂuence of the microstructure on the overall response.
A more extensive data basis is required in future to verify the
model presented in a broader sense and to allow to validate mod-
iﬁed approaches of modeling phase transformations and TRIP.
Moreover, on the numerical side, an adaptive strategy taking
strong mesh distortions during a cutting process into account is
an area of future research work.Acknowledgements
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